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The Concept

The level set approach:
— Define problem in 1 higher dimension
— Define level set function z = ¢(x,y,t = 0)

where the (x,y) plane contains the contour,
and

z = signed Euclidean distance transform value
(negative for inside closed contour, positive
for outside contour)
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Level Set Method

e Contour evolution method due to:
J. Sethian and S. Osher, 1988

» Advantages:
— Eulerian surface evolution
— with changes in topology

Initial Flamne Laler in Time

How to Move the Contour?
* Move the level set function, ¢(x,y,t), so
that it rises, falls, expands, etc.

e Contour = cross sectionatz =0, i.e.,
{(xy) | #x,y,t) = O}




Level Set Surface Level Set Surface

» The zero level set (in blue) at one point in « Later in time the level set surface (red) has
time as a slice of the level set surface (in moved and the new zero level set (blue)
red) defines the new contour
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How to Move the Level Set

Surface?

. Define a velocity field, F, that specifies how
contour points move in time
— Based on application-specific physics such as time,
position, normal, curvature, image gradient
magnitude
. Build an initial value for the level set function,
¢(x,y,t=0), based on the initial contour position
. Adjust ¢ over time; contour at time t defined by

o(x(t), y(t), 1) =0

Level Set Surface

Level Set Formulation

Constraint: level set value of a point on the contour with
motion x(t) must always be 0

#x(t), 1) =0

By the chain rule
¢+ VXx(t), t) - X'(t) =0
Since F supplies the speed in the outward normal
direction
X'(t)-n=F, wheren=Vg/ |V

Hence evolution equation for ¢ is

4+ FIV4 =0
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Level Set Methods

» Suppose on the interface
I'(t) moving with velocity ¥ =x(f) . By definition
#(x(t),t)=0, differentiating with respect to t, we get

¢ +V-Vg=0

*The equation is called . And one
should be aware that the equation is
. The level set method is to

and pick

up the zero level set as the interface at all later time.

Example: Shape Simplification

e F=1- ¢ where « is the curvature at each contour
point
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Level Set Methods

* The red surface ¢(x,t) is called the level set function.

*The blue interface ¢(x,t)=0 is called the zero level set.

sLevel Set is a systematic method
of the surface ¢(x,t) of the
interface.
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Level Set Methods

* Many have simple

, because ¢ contains local
information which allows implicit differentiation of I,
for example,

N=V¢IVg, x=V-N
*These formulas can be evaluated gis

known, as well as on I". At a point away from I, they
give the geometry of the level set passing through x.




el Set Methods

» The level set equation move of gwith
the extended velocity V or F, and in particular move
the zero set with the correct velocity.

*This approach to moving interfaces the
topology in grather than I", allowing merging,
breaking, and other topological changes to be handled
automatically. We pay the price of going up one
dimension.

*Either V or F must be extended to a function on the
, but the extension can be almost
away from I".

vel Set and External Velocity Field

» The simplest numerical method to solve the
hyperbolic level set equation is by a combination of
and

elts numerical formulais
¢“""*1 = ¢J"" — Af[max(u;; O)D,;“ +min(u;; O)D,/*"'

i i
+max(v;,0)D;” +min(v;,0)D;”]

i
where (u;,v;) is the external velocity at time n and at
point (i,j), and Ar must satisfy CFL (Courant-
Friedreichs-Lewy) condition.
| v
Atmax{—+-—+}<a, O<ax<l
Ax Ay

Hamilton-Jacobi equation

« A forward Euler time discretization of a Hamilton-
Jacobi equation can be written as

e T TR
—+H"(¢,.4,.9,.4,)=0
At

where the lfl”(gﬁ\’,qﬁ\*,(/{[,(/);) is the numerical
approximation of H(g,,4,)

* The CFL (Courant-Friedreichs-Lewy) condition for the
above equation is
H. H.

ANZZ9N

At max{ Z
Ax Ay

Level Set and External Velocity Field

«When V is given from , such as
advection, the level equation contains only
of g, i.e.itis .

¢, +V-Vg=0
where ¥V =(u,v) .

« By projecting ¥ to the direction 7 normal to the
interface, we get

¢,+V,|Vg|=0

*For External Velocity ( Passive Transport), V is
already defined on whole space and is a natural
extension of zero level set velocity.

Hamilton-Jacobi equation

* Equation of the form

¢, +H(d,.4,)=0
is called Hamilton-Jacobi equation.

* Hamilton-Jacobi equations depend on (at most) the
, and these equations are
hyperbolic.

- For equation ¢ +V-V¢=0, H=V-V§ .

« For equation &, +V,|Vg|=0, H=V, V¢‘ ,and it is
required that there is

H Jacobi equation

+ Hy, H, are partial derivatives of H with respect to ¢, g,
eFor H = [7.V¢ ,where V = (u,v)

H=u, H,=v
«For H=V,|Vg|

Hl = I/n¢.\‘ /|V¢|’ H2 = I/n¢y /|v¢|




Hamilton-Jacobi equation

* The to approximate H is

A R NPT N R Ml
H—H(2 2)0!(2)0!(2

where o =max|H,(¢,.4,)| . &' =maxH,(4,.4,)

«For H,=u,H, =v, a*,a’are independent of #.4,,
a*,a’ can be set to the maximum values of \u, v\.

“For H(p)=V, V|, Hi=V.8.IVd|.H,=V,,IV4|, so

a’,a’can be evaluated by maximum V.4.| and
minimum |@,|, or simply set to the maximum value of ¥,
in the domain.

Hamilton-Jacobi equat

» Choosing the appropriate amount of artificial
dissipation to add to the centrally evaluated H is tricky.

*Therefore, it is often desirable to use based
methods with

*Upwind discretizations have
that serve the same purpose as artificial
dissipation. First order accurate upwinding has an
intrinsic O(Ax) artificial viscosity. Higher order
accurate upwind methods have
with magnitude O((Ax)") , where r is the order
of accuracy of the method.

H= ext, ext, H(g,,4,)
* For every point,

- +
oIf # <#.  then ext, H takes on the minimum
value of Hfor ¢, or ¢, .

o |f ¢.: >¢: ,then ext, H takes on the maximum
value of H for ¢_ or ¢;

oIf $: =9  then ext, H simply plugs ¢, (=¢)
into H for ¢, .

- ext, His defined similarly to ext, H .

Hamilt cobi equation

« Several other schemes that similar to scheme

were devised, such as (stencil Lax-Friedrichs),
(Local Lax-Friedrichs), (Local Local Lax-

Friedrichs). Each method has its own search region.

eIn practice, than any of the other
options. LF and SLF are usually , while
LLLF is usually to overcome
the problems introduced by using the centrally
averaged approximation to #..8,in evaluating H.

Hamilton-Jacobi equation

+ — + -

A= 8)-a Pty o @
eIt use where sonic points does
not form, and add an at sonic
points where entropy-violating expansion shocks
might form (The added dissipation from the LLF
entropy correction forces the expansion shocks to
develop into continuous rarefaction waves)

*One can compute ¢f,¢f using the first-order accurate
forward and backward difference formulas and use
these cheaper approximations to whether or
not upwinding or LLF will be used. After decision, the
higher-order accurate HJ) WENO or HJ ENO method
can be used to compute the necessary value of ¢\i,¢,i .

* Godunov’s Scheme
H =ext _ext, H(¢,,4,)
In our level set equation, H is separable with
ext_ext H =ext (ug,)+ext (vo,)

*In this , Godunov’s Scheme is
simple upwind differencing, that is,

if u>0,use ¢,
if u<0,use @,
if u=0, set ug, =0




Level Set and Mean Curvature Velocity

. : interface moves in the
normal direction with a velocity proportional to its
curvature:

4,+V,|Vg =0

V,=-bx

= ¢, =bx|V |

where K is mean curvature.

*When ¢ is signed distance function, \.e.‘v¢‘ =1, the
level set equation can be ES

4 =bAg

*Since there are in the above
PDE, the PDE is

Level Set and Mean Curvature Velocity

» After one time step, ¢
, S0 before we ¢ ., the simplified level
equation

«Central differencing of Ag combined with a forward
Euler time discretization requires a time-step restriction
of

At max{ 2b + 2b }<a, 0O<a<l

(Axf  (ay)y

here At = O((Ax)?) , Which is significantly
than in the hyperbolic case, where At = O(Ax) .

Level Set and Constant Velocity

— + . . .
«When &; and @, have the same sign, upwinding can
be used.

- +
«When &; and &; have different sign,
, and we must turn to

* RF scheme treats the ambiguity associated with
upwinding near sonic points by using central
differencing plus some artificial viscosity. However, it
too resorts to artificial dissipation in the vicinity of
sonic points.

«In order to avoid the addition of artificial dissipation,
one must use the

Level Set and Mean Curvature Velocity

* Using , the
numerical level set formulais

¢t =¢! +At-b[(DD™); + (D DY);]

where the can be approximated by
,i.e.
n no gn
¢(,+1),/ _2¢u +¢,-1),

(D™ = —

i =285 + i
Ay?

(DD =

Level Set and Constant Velocity

* When interface moves in the normal direction with a
on the interface, the
level Set equation is

¢ +aVg=0
* The above equation can be expanded as

¢+ﬂgﬁ'aQ @2.).v4=0

Ve 'Ivé)

ag,
*The first spatial term is vy % the sign of which can
be used to decide whether 4- or g should be used to
approximate ¢,.

Level Set and Constant Normal Velocity

* The numerical formula for equation

1) +a‘V¢‘ =0

¢ = ¢ — Afmax(a,0)V* +min(a,0)V"]

V* =[max(D;*,0)* + min(D;*,0)* + max(D;”,0)* + min(D; " ,0)*]"

i i i

V- =[min(D;",0)* + max(D;,

0)* +min(D;",0)* + max(D;” ,0)*]"*

i




All Velocities

* When we put all the velocity into level set equation,
we get

¢ +V -Vo+aVg =bxV
this equation combines an external velocity with

constant velocity and motion by mean curvature.

* The on the right-hand side can be
independently discretized with

*The of this equation consist of two
terms, which are discretized by

Signed Distance Function Re-initialization

*A to re-initialization is to find
interface by contouring algorithm and then to compute
signed distance to the newly located interface.

. , the zero level set has to be located every
time the re-distance operation is called, which is very

. And every time the
interface is located the

. is more , since it use
only the values of the level set function and not the
explicit location of the points in the domain.

Signed Distance Function Reinitializati

» The numeric method for reinitialization equation is,

¢ = ¢ — ArSign, (¢))G(4))

where

sign, (4), =@, /¢ + &

max((@*)?,(b7)?)+max((c)?,(d)?) -1 if ¢ >0
max((a )%, (b)) +max((c)?,(d")*) =L if ¢ <0

All Velocities

* The numerical formula for the combined equation is
¢ = ¢ — A{[max(a,0)V* +min(a,0)V"]
+[max(x;;,0) +min(u;;,0)D;"
+max(v;,0)D;" +min(v;,0)D;”]
—[b[(DD™); + (D7 D™);T}
0)2 + min(D:* 0)? +min(D;”,0)°]'?

V' =[max(D;" 1
0)2]1/2

i

V™ =[min(D;*,0)* + max(D;*

i ! i

0)? + max(D;"

i
0)>+min(D;",0)* + max(D;”,
*The CFL condition for equations that contain both
hyperbolic and parabolic terms is given by

H. H,
Atmax{u+‘—‘ 2 +v2bz}<1
Ax Ay ) (ay)

Signed Distance Function Reinitialization

* In PDE based approach, the following HJ type

equation,
¢, =sign(¢,)1~|V )
#(x,0) = ¢,

is solved to steady state, which is the desired signed
distance function.

* For numerical purposes it is useful to smooth the
sign function, with (M. Sussman et. al)

sign, () = ————

Signed Distance Function Reinitialization

* The above approach works when 4, is
neither too flat nor too steep near the interface.

*However, when ¢, becomes too flat, the propagating

will be small, when ¢, is very steep near the
interface, this approach may change the sign of ¢, ,
thus the interface across grid points.

*Peng et. al. improved the reinitialization equation by
using a approximation to the sign function depending
on the local gradient of ¢. Their sign function is

sign(g) =——2——
# +|Dg|" A




Signed Distance Function Reinitialization

» Peng’s choice of approximation to sign function
solves the problem of the changing of sign of ¢ (thus
moving the interface across the cell boundary) in the
reinitialization step when ¢ is steep and speeds up
the convergence when ¢ is flat at the interface.

» Another approach to prevent the interface straying is
introduced by M. Sussman et. al., where a constraint is
added to the original reinitialization equation. Their
equation is

¢, =sign(¢,)(L—|V #) + A1 (9)
5~ @sn@I0- v

. (@) =H' @)V
[LH@r@ (@)=

Fast Marching Method

 J. Sethian, 1996

» Special case that assumes the velocity
field, F, never changes sign. That is,
contour is either always expanding (F>0)
or always shrinking (F<0)
Convert problem to a stationary
formulation on a discrete grid where the
contour is guaranteed to cross each grid
point at most once

Fast Marching Algorithm

Compute T using the fact that
— Distance =rate X time
—1In 1D: 1=F X dT/dx
—In2D: 1=F X |VT|
 Contour attimet =
{Gy) [ T(xy) =t}

Signed Distance Function Reinitialization

* Reinitialization can be viewed as a form of filtering
which

. For example, boundary
conditions far from the interface become much less
important because their effect is discarded after
reinitialization.

Fast Marching Method

e Compute T(x,y) = time at which the contour
crosses grid point (x,y)

e At any height, t, the surface gives the set of
points reached at time t

Fast Marching Algorithm

Construct the arrival time surface T(X,y)

incrementally:

1. Build the initial contour

2. Incrementally add on to the existing surface the part
that corresponds to the contour moving with speed F
(in other words, repeatedly pick a point on the fringe
with minimum T value)

3. Iterate until F goes to O

Builds level set surface by “scaffolding” the
surface patches farther and farther away from
the initial contour




Example: Segmentation Example (cont.)

« Digital Subtraction Angiogram « Initial contour specified manually
* F based on image gradient and contour curvature

& e :
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1. Fast Marching algorithm to obtain contour

2. Level Set algorithm

S. Osher and R. Fedkiw, Level Set Methods
and Dynamic Implicit Surfaces, Springer, New

York, 2003.

J. A. Sethian, Level Set Methods and Fast
Marching Methods: Evolving Interfaces in
Computational Geometry, Fluid Mechanics,
Computer Vision, and Materials Science,
Cambridge University Press, 1999.
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Fast Marching +
Level Set Tuning

Level Set only
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